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G - FUNCTORS ARISING FROM CATEGORICAL
GROUP ACTIONS ON ABELIAN CATEGORIES
SEBASTIAN BURCIU
Abstract. A Mackey type decomposition for group actions on
abelian categories is described. This allows us to define new Mackey
functors which associates to any subgroup the K-theory of the cor-
responding equivariantized abelian category. In the case of an ac-
tion by tensor autoequivalences the Mackey functor at the level of
Grothendieck rings has a Green functor structure. As an applica-
tion we give a description of the Grothendieck rings of equivari-
antized fusion categories under group actions by tensor autoequiv-
alences on graded fusion categories.
1. Introduction and Main Results
A Mackey functor or (a G-functor) is a family {a(K)}K≤G of abelian
groups equipped with three types of maps: induction, conjugation,
and restriction, satisfying some certain compatibility axioms, see for
example [12]. Typical examples, include among others, the cohomology
groups {Hn(K,M)}K≤G and the character rings {R(K)}K≤G are both
G-functors.
It is shown in [14, 17, 2] that the class group of the ring of integers
of the fixed field {kH}H≤G where G is a group of automorphisms of a
number field k is a Mackey functor. In a somehow different direction,
these results were extended in [13] by showing that {Ki(S
H)}H≤G is a
G-functor, whenever R ⊆ S is a Galois extension of commutative rings
with Galois group G.
The main goal of this paper is to construct in the same spirit new
G-functors arising from categorical group actions on categories. More
precisely, if a finite group G acts on an abelian category C we show
that the K-theory {Ki(C
H)}H≤G is also G-functor (see Theorem 1.1).
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If C is a tensor category and G acts by tensor autoequivalences then
the {K0(C
H)}H≤G is a Green functor.
Let G be a finite group acting on the abelian category C. For
any subgroup H of G the left adjoint functor of the forgetful func-
tor ResGH : C
G → CH was recently described in [5]. This functor is
denoted by IndGH : C
H → CG and can be regarded as a generalization
of the induction functor from Rep(H) to Rep(G).
Our first main result is the following:
Theorem 1.1. Let G be a finite group acting on the abelian category
C. Then for all i ≥ 0 the association H 7→ Ki(C
H) defines a Mackey
functor Mi with the following structure maps:
(1) Restriction RHK : Ki(C
H) → Ki(C
K) is the map induced by the
forgetful functor ResHK : C
H → CK and
(2) Induction IHK : Ki(C
H) → Ki(C
K) is the map induced by the
induction functor IndHK : C
K → CH ,
(3) Conjugation cH,x : Ki(C
H) → Ki(C
xH) is the map induced by
the functor T x : CH → C
xH .
If C is a tensor category over a fixed field k and the action of G on
C is by tensor autoequivalences then we show that for i = 0 the above
Mackey functor M0 is in fact a Green functor.
Theorem 1.2. Let C be a tensor category over a fixed field k and G a
finite group acting on C by tensor autoequivalences. Then H 7→ K0(C
H)
defines a Green functor on G over k.
The proof of the above results uses a Mackey type decomposition for
the above induced functor when restricted to various subgroups:
Theorem 1.3. Suppose that a G acts on an abelian category C via
T : G→ Aut(C). Let K and H be any two subgroups of G andM ∈ CH .
Then
(1.4) ResGK(Ind
G
H(M)) ≃
⊕
x∈D
IndKK∩ xH(Res
xH
xH∩K(T
x(M)))
where D is a complete set of representatives for the space of double
cosets K\G/H and xH := xHx−1.
The last section of this paper is concerned with the structure of
the Grothendieck rings of equivariantized fusion categories under cer-
tain group actions. These actions are called in the paper coherent
actions since they respect a certain natural compatibility with the
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grading of the fusion category. We show that under a coherent ac-
tion the Grothendieck group of an equivariantization has the structure
of the rings introduced in [20]. These rings are also considered in
[3] as Green rings obtained from Dress construction from other given
Green rings. Examples include, among others, the crossed Burnside
rings, the Hochschild cohomology rings of crossed products, and the
Grothendieck rings of (twisted) Drinfeld double of finite groups. Using
Theorem 1.2 it is shown in this paper that the Grothendieck ring of
the Drinfeld center of any fusion category has this structure.
This paper is organized as follows. Section 2 recalls some basic results
on abelian categories and group actions on them. The construction of
the adjoint functor IndGH mentioned above is recalled in this section. In
Section 3 the proof of the main Theorem 1.3 is presented. Section 4 is
devoted to the proof of Theorem 1.1 and Theorem 1.2. In this section
we recall the definition of G-functors and Green functors. Last section
is devoted to the study of the Grothendieck rings of equivariantizations
of graded fusion categories. Coherent group actions on graded fusion
categories are introduced in this section. In Proposition 5.13 we give
a new description for the simple objects of an equivariantization under
a coherent group action, generalizing results of [9, Proposition 2.7].
In this section we also recall the ring structures introduced in [20]
and prove that the Grothendieck groups of equivariantizations under
coherent actions has this type of structure.
2. Group actions on categories
2.1. Tensor categories.
2.1.1. k-linear categories. Fix a commutative ring k. Recall that a k-
linear category is an abelian category in which the hom-sets are k-vector
spaces, the compositions are k-bilinear. A k-linear functor between k-
linear categories is a functor which is linear on all hom-spaces.
Recall that an essentially small k-linear category is said to be locally
finite [7] if for any two objects X, Y ∈ C, the space HomC(X, Y ) is finite
dimensional and every object in C has finite length.
2.1.2. Tensor categories. Let C be a k-linear rigid monoidal category.
Then C is called a tensor category over k if the tensor bifunctor is
bilinear on morphisms and End(1) = k (see [8]).
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2.1.3. Tensor functors and natural tensor transformations. Recall that
a unitary tensor functor F : C → D between two tensor categories
is a k-linear functor F together with a natural transformation F2 :
F (− ⊗ −) → F (−) ⊗ F (−) satisfying several compatibility axioms
(see for example [8]).
In particular the naturally of F2 with respect to the morphisms can
be written as
(2.1) (F (u)⊗ F (v))FM,N2 = F
M ′,N ′
2 F (u⊗ v)
for all morphisms M
u
−→ M ′ and N
v
−→ N ′ in C. Composition of two
tensor functors C
G
−→ D
F
−→ E is also a tensor functor with
(2.2) (F ◦G)M,N2 := F
G(M),G(N)
2 ◦ F (G
M,N
2 )
A natural tensor transformation τ : F → G between two tensor func-
tors is a natural transformation satisfying the following compatibility
condition:
(2.3) GM,N2 τM⊗N = (τM ⊗ τN )F
M,N
2
for any objects M,N ∈ C.
2.1.4. Fusion categories. Let k be an algebraically closed field. A fusion
category over k is a rigid semisimple k-linear tensor category C with
finitely many simple objects and finite dimensional spaces of morphisms
such that the unit object of C is simple.
2.2. Group actions on abelian categories. Let C be an abelian cat-
egory. Denote by Aut(C) the category whose objects are exact autoe-
quivalences of C and morphisms are natural transformations between
them. Then Aut(C) is a monoidal category where the tensor product
is defined as the composition of autoequivalences.
For a finite group G let Cat(G) denote the monoidal category whose
objects are elements of G, the only morphisms are the identities, and
the tensor product is given by multiplication in G.
An action of a finite group G on C consists of a unitary monoidal
functor T : Cat(G) → Aut(C). Thus, for every g ∈ G, we have a
functor T g : C → C and a collection of natural isomorphisms
T g,h2 : T
gT h → T gh, g, h ∈ G,
which give the tensor structure of G. The tensor unit of T is denoted
by T0 : idC → T
1 where 1 ∈ G is the unit of the group G.
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By the definition of the tensor functor, the tensor structure T2 sat-
isfies the following conditions:
(T gh,l2 )M (T
g,h
2 )T l(M) = (T
g,hl
2 )M T
a((T h,l2 )M),(2.4)
(T g,e2 )MT
g(T0M ) = (T
e,g
2 )M(T0)T g(M),(2.5)
for all objects M ∈ C, and for all g, h, l ∈ G. See [6, Subsection 4.1].
Note that by the naturality of T g,h2 , g, h ∈ G, can be written as
(2.6) T gh(f) (T g,h2 )N = (T
g,h
2 )M T
gT h(f),
for every morphism f : M → N in C.
We shall assume in what follows that T 1 = idC and T0, T
g,1
2 , T
1,g
2 are
also identities. We say that G acts k-linearly on the k-linear category
C if T g is a k-linear autoequivalence for any g ∈ G.
Example 2.7. Suppose that G acts as a ring automorphisms on a k-
algebra S. Then G acts on S-mod via the following action: T g(M) = M
as abelian groups and the S-action on T g(M) is given by s. gm :=
(g−1.s)m. In this case one can take (T g,h2 )M = idM for all g, h ∈ G.
2.3. On the equivariantized category. Suppose that G acts on the
abelian category C. Let CG denote the corresponding equivariantized
category. Recall that CG is an abelian category whose objects are
G-equivariant objects of C. They consist of pairs (M,µ), where M
is an object of C and µ = (µgM)g∈G is a collection of isomorphisms
µgM : T
g(M)→M in C satisfying the following:
(2.8) µgMT
g(µhM) = µ
gh
M (T
g,h
2 )M , ∀g, h ∈ G, µ
1
MT0M = idM .
We say that an object M of C is G-equivariant if there exists such a
collection µ = (µg)g∈G so that (M,µ) ∈ C
G. Note that the equivariant
structure µ is not necessarily unique.
A morphism f : (M,µM) → (N, µN) in C
G is a morphism in f :
M → N such that
(2.9) µgNT
g(f) = fµgM .
Example 2.10. It is easy to verify that in the case of the previous
example one has that (S-mod)G ≃ S#kG-mod, the category of S#kG-
modules.
2.4. Induction functors as left adjoints of restriction functors.
Suppose that a finite group G acts on the abelian category C and let
H ≤ G be a subgroup. Let R be a set of representative elements for
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the left cosets of H in G. Thus one can write G as a disjoint union
G = ∪t∈RtH . Set, for all (V, µ) ∈ C
H ,
(2.11) IndGH(V, µ) := (⊕t∈RT
t(V ), ν)
where for all g ∈ G the equivariant structure of νg :
⊕
t∈R T
gT t(V )→⊕
t∈R T
t(V ) is defined componentwise by the formula
(2.12) νg,t = T s(νh)(T s,h2 )
−1T g,t2 : T
gT t(V )→ T s(V ).
Here the elements h ∈ H and s ∈ R are uniquely determined by the
relation gt = sh.
Note that the proof of [5, Proposition 2.9] works in any abelian
category, therefore IndGH is a left adjoint functor of Res
G
H .
2.5. Action by tensor equivalences. Suppose that C is a tensor
category over k and consider Aut⊗(C) the full subcategory of Aut(C)
consisting of k-linear tensor autoequivalences of C.
Let T : G → Aut⊗C be an action of G on C by tensor autoequiv-
alences, that is, T g is a tensor auto equivalence for all g ∈ G. Thus
T g is endowed with a monoidal structure (T g2 )
M,N : T g(M ⊗ N) →
T g(M) ⊗ T g(N), for all M,N ∈ C and T g,h2 : T
gT h → T gh are natural
isomorphisms of tensor functors, for all g, h ∈ G. Thus, for all g, h ∈ G
and M,N ∈ C the following relation holds:
(2.13)
(T gh2 )
M,N(T g,h2 )M⊗N = ((T
g,h
2 )M⊗(T
g,h
2 )N ) (T
g
2 )
Th(M),Th(N)
T g((T h2 )M,N).
3. Proof of Theorem 1.3
Proposition 3.1. Let G be a finite group acting on the abelian category
C. Let H be any subgroup of G and x ∈ G. If M = (V, µ) ∈ CH
then T x(M) := (T x(V ), xµ) ∈ C
xH with the equivariant structure
xµxhx
−1
Tx(V ) : T
xhx−1(T x(V ))→ T x(V ) given as follows:
(3.2)
T xhx
−1
(T x(V ))
(Txhx
−1, x
2 )V−−−−−−−→ T xh(V )
(Tx,h2 )
−1
V−−−−−→ T x(T h(V ))
Tx(µhV )−−−−→ T x(V ).
ces
Proof. It is enough to verify Equation (2.8) which is equivalent to the
diagram made of solid arrows below being commutative.
Note that compatibility conditions (2.4)-(2.8) of the action of G im-
ply the commutativity diagram after inserting the dashed arrows. In-
deed, the bottom right trapeze (5) is commutative by applying T x to
the equivariantized condition (2.4) for V ∈ CH . The adjacent trapeze
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(6) is commutative by the naturallity of T x,h2 with respect to the mor-
phism µlV . The rectangle (4) is commutative due to the associativity
of the action, Equation (2.4). The parallelogram (2) is commutative
due to the associativity of the action, Equation (2.4). Diagram (3)
is commutative due to the naturallity of the natural transformation
T xhx
−1,x
2 with respect to the morphism T
l(V )
µlV−→ V . Diagram (1) is
commutative due to the associativity of the action, Equation (2.4).
Txhx
−1
(Txlx
−1
(Tx(V ))) Txhx
−1
(Txl(V )) Txhx
−1
(Tx(T l(V )))
(1) (2)
Txhlx
−1
(Tx(V )) Txhx
−1
(Tx(V ))
(3)
Txhl(V ) Txh(T l(V )) Txh(V )
(4) (6)
Tx(Thl(V )) Tx(Th(T l(V )))
(5)
Tx(V ) Tx(Th(V ))
(Txhx
−1,xlx−1
2 )V
(Txhx
−1,xl
2 )V
Txhx
−1
(Txlx
−1,x
2 )V
(Txhx
−1,x
2 )V
Txhx
−1
(Tx,l2 )V
Txhx
−1
(Tx(µlV ))
(Txhx
−1,x
2 )T l(V )
Txh(µVl )
(Tx,h2 )T l(V )
Tx((Th,l2 )V )
(Txh,l2 )
−1
V
(Txhlx
−1,x
2 )V
(Tx,h2 )V
(Tx,hl2 )
−1
V
Tx(Th(µVl ))T
x(µhlV )
Tx(µhV )

3.1. Proof of Theorem 1.3. We are now ready to give a proof for
Theorem 1.3.
8 SEBASTIAN BURCIU
Proof. Suppose that M = (V, µV ) ∈ C
H . Then
(3.3) IndGH(M) = (
⊕
x∈G/H
T x(V ), µIndGH (M)).
where the equivariant structure is given on components
(3.4) µg,x
IndGH (M)
: T g(T x(V )) −→ T gx(V ) = T yh(V ) −→ T yT h(V )
T
−→
y
(V )
Since G = ⊔x∈DKxH formula (2.11) for induced objects becomes
(3.5) IndGH(M) = (
⊕
x∈D
(
⊕
a∈KxH/H
T a(V )), µIndGH (M)).
For any x ∈ D let
(3.6) Vx :=
⊕
a∈KxH/H
T a(V ).
Using formula (2.12) it can be easily verified that the induced equi-
variant structure ν := µIndGH (M) of Ind
G
H(M) sends the component Vx
to itself. Indeed, for any a ∈ KxH if l ∈ K and la = bh with h ∈ H
then b = lah−1 ∈ KaH = KxH .
It follows that Mx := (Vx, ν|K) ∈ C
K and then one can write
(3.7) ResGK(Ind
G
H(M)) ≃
⊕
x∈D
Mx
as objects of CK .
Let V ′x := Ind
K
K∩ xH(Res
xH
xH∩K(T
x(M)) and
M ′x := (V
′
x, µIndKK∩ xH (Res
xH
xH∩K(T
x(M)))) ∈ C
K be the corresponding equi-
variant object.
Then it is enough to show that for all x ∈ D one has
(3.8) Mx ≃M
′
x
as objects in CK .
Note that there is a bijection between the following sets of left cosets
(3.9) K/K ∩ xH → KxH/H
given by a(K ∩ xH) 7→ axH .
This enables us to write
(3.10) Vx =
⊕
a∈K/K∩ xH
T ax(V )
On the other hand using formula (2.11) it follows that
(3.11) M ′x ≃ ⊕a∈K/K∩ xHT
a(T x(V )).
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It will be shown that
M ′x
fx:=
⊕
a∈K/K∩ xH (T
a,x
2 )V
−−−−−−−−−−−−−−−→ Mx
is a morphism in CK . In order to do this it remains o check that the
morphism
(3.12) (T a,x2 )V : T
a(T x(V ))→ T ax(V )
is compatible with the two equivariant structures of the objects Mx
and M ′x.
Suppose that l ∈ K and a, b ∈ K/K ∩ xH with la = bl′ for some
l′ ∈ K ∩ xH . Then lax = bl′x = bxh with h = (x−1l′x) ∈ H .
Using again formula (2.11) the equivalent structure ν˜ of M ′x on the
component T a(V ) from Equation (3.13) is given on components by
(3.13) ν˜l,aM ′x : T
l(T a(T x(V )))
(T l,a2 )Tx(V )
−−−−−−→ T la(T x(V )) =
= T bl
′
(T x(V ))
(T 2
b,l′
)−1
Tx(V )
−−−−−−→ T b(T l
′
(T x(V )))
T b(( xµTx(V ))
l′ )
−−−−−−−−−→ T b(T x(V )).
On the other hand the equivariant structure νl,a of Mx on the compo-
nent T ax(V ) from Equation (3.10) has the following formula
(3.14) νl,aMx : T
l(T ax(V ))
(T la,x2 )V−−−−−→ T lax(V ) =
= T bxh(V )
(T bx,h2 )
−1
V−−−−−→ T bx(T h(V ))
T bx(µVh )−−−−−→ T bx(V ).
Using the compatibility properties for the action of G it is easy to verify
that these two equivariant structures coincide under (T a,x2 )V , i.e. the
following diagram commutes.
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T l(Ta(Tx(V ))) T la(Tx(V )) = T bl
′
(Tx(V )) T b(T l
′
(Tx(V )))
T l(Tax(V ))
T lax(V ) = T bxh(V ) = T bl
′x(V ) T b(T l
′x(V )) = T b(Txh(V ))
T bx(Th(V )) T b(Tx(Th(V )))
T bx(V ) T b(Tx(V ))
T l(Ta,x2 )V
T b(Tx,h2 )V
T b(Tx(µVh ))
(T b,x2 )
−1
V
T b(µV )V
T b(T l
′,x
2 )V(T
la,x
2 )V = (T
bl′,x
2 )V
T bx(µVh )
(T l,a2 )Tx(V ) (T
b,l′
2 )Tx(V )
(T b,xh2 )V
(T bx,h2 )
−1
V
(T b,x2 )
−1
Th(V )
The bottom rectangle is commutative by the naturally of T b,x2 with
respect to the morphsims, Equation (2.6). The above rectangle is com-
mutative due to Equation (2.4), the associativity of the action. The
upper left diagram is commutative by the same reason. The upper
right trapeze is commutative by associativity of the action, Equation
(2.4). 
Remark 3.15. Note that Rep(G) can be regarded as the equivarianti-
zation VecG of the trivial action of G on C = Vec, [8]. In this case
the previous theorem recovers the usual Mackey decomposition for rep-
resentations of finite groups.
4. G - functors associated to equivariantizations
This section is devoted to the the proof of Theorem 1.1.
Lemma 4.1. Let G be a finite group acting on the abelian category
C. Suppose that A and B are two subgroups of G. Then the following
identities hold for any x ∈ G:
(4.2) T x ◦ ResAB = Res
xA
xB ◦ T
x
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as functors from CB to C
xA. Also
(4.3) T x ◦ IndAB ≃ Ind
xA
xB ◦ T
x
as functors from CB to C
xA
Proof. The first identity is straightforward. We will verify the second
identity.
Let R be a set of representative elements for the left cosets A/B.
Suppose that (M, {µbM}b∈B) ∈ C
B. Then using formula (2.12) it follows
that
(4.4) IndAB(M) = (⊕r∈RT
r(M), νIndAB(M))
where νa is defined on the components as follows
(4.5)
νa,r : T a(T r(M))
Ta,r2 (M)−−−−−→ T ar(M)
(T r
′,b
2 )
−1
M−−−−−→ T r
′
(T b(M))
T r
′
(µbM )−−−−−→ T r
′
(M)
where r′ ∈ R and b ∈ B are determined by ar = r′b. On the other
hand, using Proposition 3.1 as an object of C
xA one has that
(4.6) T x(IndAB(M)) = (⊕r∈A/BT
x(T r(M)), xνTx(IndAB(M)))
with the equivariant structure xν given on the components by:
xνxax
−1,r
M : T
xax−1(T x(T r(M)))
(Txax
−1,x
2 )Tr(M)
−−−−−−−−−−→ T xa(T r(M))
(Tx,a2 )
−1
Tr(M)
−−−−−−−−→
(Tx,a2 )
−1
Tr(M)
−−−−−−−−→ T x(T a(T r(M)))
Tx(Ta,r2 )
−1
M−−−−−−→ T x(T ar(M))
Tx(T r
′,b
2 )
−1
M−−−−−−−→
Tx(T r
′,b
2 )
−1
M−−−−−−−→ T x(T r
′
(T b(M)))
Tx(T r
′
(µbM ))−−−−−−−→ T x(T r
′
(M))
On the other hand note that
(4.7) Ind
xA
xBT
x(M) = (⊕r∈RT
xrx−1(T x(M)), η
Ind
xA
xBT
x(M)
)
since xRx−1 is a set of representative for the left cosets of xA/ xB.
Using again formula (2.12) it follows that the equivariant structure of
Ind
xA
xBT
x(M) on the components is given as follows:
ηxax
−1, xrx−1
M : T
xax−1(T xrx
−1
(T x(M))
(Txax
−1,xrx−1
2 )Tx(M)
−−−−−−−−−−−−→
T xarx
−1
(T x(M))
(Txr
′x−1,xbx−1
2 )
−1
Tx(M)
−−−−−−−−−−−−−−→ T xr
′x−1(T xbx
−1
(T x(M)))
Txr
′x−1 ( xµM )xbx−1−−−−−−−−−−−−→ T xr
′x−1(T x(M))
Define the natural transformation
F := ⊕r∈R(T
xrx−1,x
2 )
−1(T x,r2 ) : T
x(IndAB)→ Ind
xA
xB(T
x)
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It will be shown that F is an isomorphism, i.e.
(4.8)
FM := ⊕r∈R(T
xrx−1,x
2 )
−1
M (T
x,r
2 )M : T
x(IndAB(M))→ Ind
xA
xB(T
x(M))
is an isomorphism in C
xA for any M ∈ CB. Indeed, one has to verify
that the above morphism FM is compatible with the two equivariant
structures defined above. This means that the following diagram:
Txax
−1
(TxIndAB(M)) T
xax−1(Ind
xA
xBT
x(M))
Tx(IndAB(M)) Ind
xA
xBT
x(M)
Txax
−1
(FM )
FM
( xνxax
−1
)M η
xax−1
M
is commutative. On the components the above diagram becomes the
following:
Txax
−1
(Tx(T r(M))) Txax
−1
(Txr(M)) Txax
−1
(Txrx
−1
(Tx(M)))
(1) (2)
Txa(T r(M)) Txar(M) = Txr
′b(M) Txarx
−1
(Tx(M)) = Txr
′bx−1(Tx(M))
(3) (4)
Tx(Ta(T r(M))) Txr
′x−1(Txbx
−1
(Tx(M)))
Tx(Tar(M)) = Tx(T r
′b(M)) (5) (6) Txr
′x−1(Txb(M))
Tx(T r
′
(T b(M)))) Txr
′
(T b(M)) Txr
′x−1(Tx(T b(M)))
Tx(T r
′
(M))) Txr
′
(M) Txr
′x−1(Tx(M))
(Txax
−1,x
2 )Tr(M)
Txax
−1
(Tx,r2 )M
(Txr
′x−1,xbx−1
2 )
−1
Tx(M)
(Tx,a2 )
−1
Tr(M)
(Txax
−1,xrx−1
2 )Tx(M)
(Txr
′b
2 )M
(Tx,r
′
2 )Tb(M))
(Txax
−1,xr
2 )M
(Tx,a2 )
−1
Tr(M)
Txr
′
(µbM ) T
xr′x−1(Tx(µbM ))
Txr
′x−1((Tx,b2 )
−1
M )
Txr
′x−1((Txbx
−1,x
2 )M )T
x((Ta,r2 )
−1
M )
Tx((T r
′,b
2 )
−1
M )
(Txr
′x−1,x
2 )
−1
Tb(M)
(Tx,r
′
2 )Tb(M) (T
xr′x−1,x
2 )
−1
M
(Txa,r2 )M (Txr
′x−1,x
2 )
−1
Tb(M)
(Txr
′x−1,xb
2 )
−1
M
(Tx,r
′b
2 )
−1
Tb(M)
Tx(T r
′
(µbM ))
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Note that diagrams (1)− (6) are commutativity by the associativity of
the action, Equation (2.4). The bottom two rectangles are commuta-
tive since T x,r
′
2 and T
xr′x−1,x
2 are natural transformations.

Lemma 4.9. Let G be a finite group acting by tensor autoequivalences
on the tensor category C and A be a subgroup of G. With the above
notations one has
(4.10) T x(M ⊗N) ≃ T x(M)⊗ T x(N)
for any two objects M,N ∈ C
xA. Therefore T x is a tensor isomorphism
between CA and C
xA.
Proof. One has to check that the tensor structure (T x2 )
M,N : T x(M ⊗
N) → T x(M) ⊗ T x(N) of T x is a morphism in C
xA
. Thus for any
M,N ∈ C
xA one has to check the commutativity of the following di-
gram:
T xax
−1
(T x(M ⊗N)) T xax
−1
(T x(M)⊗ T x(N))
(1)
T xax
−1
(T x(M))⊗ T xax
−1
(T x(N))
T xa(M ⊗N) T xa(M)⊗ T xa(N)
(2)
T x(T a(M ⊗N))
T x(T a(M)⊗ T a(N)) T x(T a(M))⊗ T x(T a(N))
(3)
T x(M ⊗N) T x(M)⊗ T x(N)
T xax
−1
((T x2 )
M,N )
(T x2 )
M,N
(T x,a2 )
−1
M⊗N
T x((T a2 )
M,N)
T x(µMa ⊗ µ
N
a )
(T xax
−1,x
2 )M ⊗ (T
xax−1,x
2 )N
(T x,a2 )
−1
M ⊗ (T
x,a
2 )
−1
N
T x(µMa )⊗ T
x(µNa )
(T xax
−1,x
2 )M⊗N
(T xax
−1
2 )
Tx(M),Tx(N)
(T xa2 )
M,N
(T x2 )
Ta(M),Ta(N)
The upper pentagon (1) is commutative since T xax
−1, x
2 is a natural
transformation of tensor functors, Equation (2.13). The middle penta-
gon (2) is commutative since T x,a2 is a natural transformation of tensor
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functors, same Equation (2.13). The bottom rectangle commutes from
the compatibility condition of the tensor functor T x with the tensor
product of morphisms, Equation (2.1). 
4.1. G-functors. Let G be a finite group. A Mackey functor (or a G-
functor) over a ring R is a collection of R-modules {a(H)}H≤G together
with morphisms IHK : a(K) → a(H), R
H
K : a(H) → a(K) and cH,g :
a(H)→ a( gH) for all subgroups H and K of G with K ≤ H and for
all g ∈ G. This datum satisfies the following compatibility conditions:
(M0) IHH , R
H
H , cH,h : M(H)→M(H) are the identity morphisms for
all subgroups H and h ∈ H .
(M1) RJKR
K
H = R
J
K for all subgroups J ≤ K ≤ H .
(M2) IKH I
H
J = I
K
J , for all subgroups J ≤ K ≤ H .
(M3) cH,gc gH,h = cH,gh, for all H ≤ G and g, h ∈ G.
(M4) For any subgroups K,H ≤ G the following Mackey relation is
satisfied:
(4.11) RGHI
G
K =
⊕
x∈H\G/K
IHxK∩HR
xK
xK∩HcK,x.
Moreover, a Green functor over a commutative ring R, is a G-functor a
such that for any subgroup H of G one has that a(H) is an associative
R-algebra with identity and satisfying the following:
(G1) RKH and cH,g are always unitary R-algebra homomorphisms,
(G2) IKH (aR
H
K(b)) = I
K
H (a)b,
(G3) IKH (R
H
K(b)a) = bI
K
H (a) for all subgroups K and H and all a ∈
a(K) and b ∈ b(H).
4.2. Proof of Theorem 1.1.
Proof. Similarly to [13] we use the following elementary facts about
K-theory (see [16]): If F1 and F2 are isomorphic exact functors on an
exact category, then they induce the same map on K-theory; and if
F1 and F2 are exact functors on an exact category inducing homomor-
phisms f1 and f2 on K-groups, then the functor F1 ⊕ F2 induces the
homomorphism f1 + f2. Now identities (M1) - (M4) follow from their
functorial counterpart proven in the previous section.
For example, the identity (M2) follows from the equality IndHKInd
K
J =
IndHJ which can be verified by a straightforward computation. 
4.3. Proof of Theorem 1.2. First we need the following proposition:
Proposition 4.12. Suppose that C,D and E are rigid monoidal cat-
egories and F1 : C → D and F2 : C → E are two monoidal functors
with left adjoint functors I1 : D → C and respectively I2 : E → C.
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Then for any objects M ∈ O(D) and N ∈ O(E) one has the canonical
isomorphism in C
(4.13) I1(M)⊗ I2(N) ≃ I1(F1(I2(N))⊗M) ≃ I2(F2(I1(M))⊗N).
Proof. It can be shown by a straightforward computation that
(4.14) HomC(I1(M)⊗ I2(N), P ) ≃ HomC(I2(F2(I1(M))⊗N), P )
for any object P ∈ C. Indeed,
HomC(I1(M)⊗ I2(N), P ) = HomC(I1(M), P ⊗ I2(N)
∗) =
= HomD(M, F1(I2(N)
∗ ⊗ P )) = HomD(M,F1(I2(N))
∗ ⊗ F1(P )) =
= HomD(F1(I2(N))⊗M,F (P )) = HomC(I1(F1(I2(N))⊗M), P )
Then Yoneda’s lemma implies the conclusion. 
In particular for E = C and F2 = I2 = idC one obtains that
(4.15) I1(M)⊗ V ≃ I1(M ⊗ F1(V ))
for any objects M ∈ D and V ∈ C.
4.3.1. Proof of Theorem 1.2. Note that the multiplicative relations
(G2) and (G3) follow from Proposition 4.12.
Example 4.16. Suppose that R ⊂ S is a Galois extension of rings
with Galois Group G. Then as before G acts on the category S-mod
and (S-mod )G ≃ S#ZG-mod. Since SG is Morita equivalent to S#ZG
and the K -theory is preserved by Morita equivalence it follows that our
results extends the results from [13].
5. Coherent group actions on graded fusion categories
Let C be a graded fusion category by a finite groupG. Recall that this
means that C = ⊕g∈GCg as abelian categories, and the tensor functor
⊗ : C ×C → C sends Cg⊗Ch into Cgh. For an object V ∈ C define by Vg
the homogenous component of V of degree g from the above grading.
Suppose further that another finite group F acts by group automor-
phisms onG. Suppose that F also acts by tensor automorphisms on the
category C via the action T : F → Aut⊗(C) given by x 7→ T
x : C → C.
Definition 5.1. An action of a finite group F on the G-graded fusion
category C is called coherent with respect to the action of F on G if
(5.2) T x(Cg) ⊂ C xg
for all x ∈ F and g ∈ G.
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Proposition 5.3. Suppose that a finite group F acts by tensor auto-
morphisms on a G-graded fusion category C via the action T : F →
Aut⊗(C) given by x 7→ T
x : C → C. Suppose further that C1 is stable
under the action of F . Then there is an action of F on G by group
automorphisms such that the action of F on C is coherent with respect
to this action.
Proof. Let V,W ∈ Cg and suppose that T
x(V ) ∈ Cg1 and T
x(W ) ∈ Cg2.
Then T x(V ∗ ⊗ W ) ∈ C1 since V
∗ ⊗ W ∈ C1. On the other hand
T x(V ∗ ⊗W ) ≃ T x(V ∗)⊗ T x(W ) ∈ Cg1−1g2 which implies that g1 = g2.
Denoting xg := g1 then it is easy to check that this defines an action
of F on G by group automorphisms. 
5.1. Examples of coherent actions of groups and their equiv-
ariantized categories. In this subsection we give some examples of
coherent group actions on fusion categories.
Example 5.4. Braided G-crossed categories. Recall [19] that a braided
G-crossed fusion category is a quadruple (C, G, T, c), where G is a finite
group, C is a tensor category with a (not necessarily faithful) G-grading
C = ⊕g∈GCg and a tensor action T : G → Aut⊗(C), g 7→ Tg satisfy-
ing Tg(Ch) ⊆ Cghg−1. Moreover the crossed braiding c is defined by
c(X, Y ) : X ⊗Y → Tg(Y )⊗X for all X ∈ Cg and Y ∈ C. The compat-
ibility conditions that have to be satisfied by this datum can be found
for example in [19, 6]. Note that in this case F = G acts coherently on
C with respect to the action of G on itself given by conjugation.
Example 5.5. Group actions on graded pointed fusion categories are
always coherent. See [10, Section 4]. In particular, it follows by [10,
Lemma 6.3] that the representation category of a (twisted) quantum
double of a finite group is the equivariantization of a coherent action.
5.1.1. Universal gradings for the category of representations of semisim-
ple Hopf algebras. Let A be a semisimple Hopf algebra over an alge-
braically closed field k. It is well known that Rep(A) is a fusion cat-
egory. Moreover there is a maximal central Hopf subalgebra K(A) of
A such that Rep(A//K(A)) coincides to Rep(A)
ad
the adjoint subcat-
egory of Rep(A), see [11, Theorem 2.4]. Since K(A) is commutative
it follows that K(A) = kG∗ where G is the universal grading group of
Rep(A). The (universal) grading on Rep(A) is given by
(5.6) Rep(A)g = {M ∈ Irr(A) | pgm = m for all m ∈M}.
Here pg ∈ k
G is the dual basis of group element basis g ∈ G.
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5.1.2. Cocentral extensions of semisimple Hopf algebras. Suppose that
we have a cocentral extension of Hopf algebras
(5.7) k → B
i
−→ H
pi
−→ kF → k.
Recall that this means the above sequence is exact [18] and kF ∗ ⊂
Z(H∗) via π∗. On the other hand, using the reconstruction theorem
from [1] it follows thatH ≃ B τ#σ kF for some cocycle σ : B⊗B → kF
and some dual cocycle τ : kF → B⊗B satisfying certain compatibility
axioms. In this case there is a weak action of F on B denoted by f.b
such that the multiplication and comultiplication on H become
(5.8) (b#σf)(c#σg) = b(f.c)σ(f, g)#σfg
and respectively
(5.9) ∆(b#σ f¯) = (b1τ(f¯)i#σf¯)⊗ (b2τ(f¯)
i#σf¯).
Proposition 5.10. Suppose that we have a cocentral extension of semisim-
ple Hopf algebras as in Equation (5.7). Moreover, with the above no-
tations suppose that C := Rep(B) and let C = ⊕g∈GCg be the universal
grading of Rep(B) where K(B) = kG∗. Then F acts coherently on C
with respect to a given action by group automorphisms of F on G.
Proof. First it will be shown that F acts onG by group automorphisms.
In order to do this we show that F acts on K(B) = kG∗ by Hopf
automorphisms.
Note that if b ∈ K(B) then f.b ∈ K(B) where “.“ represents the
weak action of F on B from above. Indeed f.b ∈ Z(B) since F acts
by algebra automorhisms on B. On the other hand using formula (A)
from [1, Section 2] it follows that
(5.11) ∆(f.b) = τ(f)(f.b1 ⊗ f.b2)τ(f)
−1.
Therefore if b ∈ Z(B) then ∆(f.b) = f.b1 ⊗ f.b2 which shows that
F.K(B) is a central Hopf subalgebra of B. Thus F.K(B) ⊆ K(B) and
F acts by Hopf algebra automorphisms on K(B). This implies that
there is an action of F on G such that the action of F on K(B) = kG∗
is given by x.pg = p xg for all x ∈ F and g ∈ G.
Following [15, Proposition 3.5] it follows that F acts on the fusion
category Rep(B) and Rep(H) = Rep(B)F . Recall from [15] that for
all x ∈ F the action is given by T x(M) =M as vector spaces with the
action of B on T x(M) given by b. xm = (x−1.b)m.
In order to verify that the above action of F on Rep(B) is coherent
with respect to this action one has to verify that if M ∈ O(Cg) then
T x(M) ∈ O(C xg). Using Equation (5.6) it follows that for any h ∈ G
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one has that ph.
xm = (x−1.ph)m = p x−1h m = δ x−1h, g m = δh, xg m
which shows that indeed T x(M) ∈ O(C xg). 
5.2. Simple objects for equivariantizations of coherent actions.
In this subsection we investigate the simple objects of an equivarianti-
zation under a coherent action.
Suppose that F acts coherently on a G-graded fusion category C with
respect to a given action of F on G. With the above notations note that
the stabilizer Fg of an element g ∈ G acts by k-linear automorphisms
on the abelian subcategory Cg of C. In particular one obtains in this
way an action of F on the fusion subcategory C1 of C. Note that this
action on C1 is by tensor automorphisms.
Lemma 5.12. With the above notations, suppose that (V, µxV |{x∈F}) ∈
CF is an equivariantized object with a canonical decomposition V =
⊕g∈GVg. Then for all g ∈ G one has that (Vg, µ
x
Vg |{x∈Fg}) ∈ C
Fg .
Proof. If V = ⊕g∈GVg then T
x(V ) = ⊕g∈GT
x(Vg). Since µ
x
V : T
x(V )→
V is an isomorphism in C it follows that µxV sends the component
T x(Vg) of T
x(V ) to the component V xg of V . Thus if x ∈ Fg then
µxV |Tx(Vg) : T
x(Vg)→ Vg is an isomorphism. Note that the compatibility
conditions from Equation (2.8) for an equivariantized object V ∈ CG
implies that Vg ∈ C
Fg . 
Let Γ be a set of representatives for the orbits of the action of F on
the group G. For any g ∈ G let O(g) be the orbit of g under the action
of F . Next proposition is a generalization of [9, Proposition 2.7].
Proposition 5.13. Suppose that F acts coherently on a G-graded fu-
sion category C with respect to an action by group automorphisms on
G. Then the set of simple objects of CF is parametrized by pairs (g,M)
where g ∈ Γ and M ∈ Cg
Fg is a simple object. The simple object
associated to the pair (g,M) is given by the induced object IndFFg(M).
Proof. Suppose that (V, µxV {x∈F}) ∈ C
F is a simple object and let V =
⊕g∈GVg with Vg ∈ Cg be its decomposition viewed as an object of C. If
Vg 6= 0 then T
x(Vg) = V xg is also not zero and therefore ⊕h∈O(g)Vh is
an equivariantized object of CF . Since V is a simple object it follows
that V is supported only on one orbit, namely the orbit O(g) of g.
Thus V = ⊕h∈O(g)Vh. Moreover it follows that Vg ∈ C
Fg
g and one can
associate to the object (V, µxV {x∈F}) ∈ C
F the pair (g,M) withM := Vg.
Clearly M is a simple object of C
Fg
g if V is a simple object of CF .
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Conversely, to any pair (g,M) as above one associates the simple
object IndFFg(M) ∈ C
G.
We have to show that the above two constructions are one inverse to
the other. It is easy to see that the component of order g of IndFFg(M) ∈
CG coincides to M as an object of C
Fg
g .
Thus it remains to show that V ≃ IndFFg(Vg) if V = ⊕g∈GVg is a
simple object of CF . This is equivalent with showing that
(5.14) V ≃ ⊕r∈F/FgT
r(Vg)
as objects of CF .
Since µxV : T
x(V )
≃
−→ V it follows that µxV |Tx(Vg) : T
x(Vg)
≃
−→ V xg
are also isomorphisms in C. This shows that f : IndFFg(Vg)
≃
−→ V is an
isomorphism in CF where f := ⊕r∈F/Fgµ
r
V |T r(Vg). 
Remark 5.15. Note that there is an embedding C
Fg
g ⊂ CFg and one
can apply the induced factor IndFFg to M .
5.3. Definition of S(g,M). Let M ∈ CFg be a simple object. Define
by S(g,M) as the simple induced object IndFFg(M) ∈ C
F from above.
Thus as objects of C one has that S(g,M) := ⊕r∈F/FgT
r(M) with the
equivariant F -structure obtained from Equation (2.12).
Remark 5.16. Note that if (M,µM) ∈ C
Fg
g then (T x(M), xµM) ∈ C
F xg
xg
by Proposition 3.1. The proof of previous theorem implies that:
(5.17) S(g,M) ≃ S( xg, T x(M))
for any x ∈ F , g ∈ G and M ∈ C
Fg
g .
5.4. Tensor product formula. Let M ∈ C
Fg
g and N ∈ C
Fh
h be two
equivariant objects. Define the following equivariant object
(5.18) mg,h(M,N) := Ind
Fgh
Fg∩Fh
(Res
Fg
Fg∩Fh
(M)⊗ ResFhFg∩Fh(N)) ∈ C
Fgh
gh .
Theorem 5.19. Suppose that F acts coherently on the G-graded fusion
category C with respect to a given action by group automorphisms of F
on G. With the above notations one has
(5.20) S(g,M)⊗ S(h,N) ≃ ⊕x∈DS(
xgh, m xg,h(T
x(M), N))
where D is a set of representatives for the double cosets Fh\F/Fg.
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Proof. One has by definition S(g,M) = IndFFg(M). Applying formula
(4.14) one has that
S(g,M)⊗ S(h,N) = IndFFg(M)⊗ Ind
F
Fh
(N)
≃ IndFFh(Res
F
Fh
(IndFFg(M)⊗N)).
On the other hand applying Theorem 1.3 one has that
ResFFh(Ind
F
Fg(M)) ≃ ⊕x∈DInd
Fh
Fh∩ xFg
(Res
xFg
xFg∩Fh
(T x(M)))
Then applying Equation (4.15) one obtains that
ResFFh(Ind
F
Fg(M))⊗N ≃ ⊕x∈D(Ind
Fh
Fh∩ xFg
(Res
xFg
xFg∩Fh
(T x(M))⊗N)
≃ ⊕x∈D(Ind
Fh
Fh∩ xFg
(Res
xFg
xFg∩Fh
(T x(M)⊗ ResFhxFg∩Fh(N))
and therefore
S(g,M)⊗S(h,N) ≃ ⊕x∈DInd
F
xFg∩Fh
(Res
xFg
xFg∩Fh
(T x(M))⊗ResFhxFg∩Fh(N))
which by definition coincides to ⊕x∈DS(
xgh, m xg,h(T
x(M), N)). 
Corollary 5.21. Suppose that F acts coherently on the G-graded fu-
sion category C with respect to a given action by group automorphisms
of F on G. With the above notations it follows that
(5.22) CF ≃ ⊕g∈ΓC
Fg
g
as indecomposable CF1 -bimodule categories, where Γ is a set of repre-
sentative elements for the orbits of the action of F on G .
Proof. Remark that CF1 is a tensor subcategory of C
F consisting on
those objects of CF supported only on C1. Define the functor F : C
F →
⊕g∈ΓC
Fg
g by sending S(g,M) 7→ M . Note that formula (5.20) implies
that
S(1,M)⊗ S(h,N) ≃ S(h,ResFFh(M)⊗N)
and
S(h,N)⊗ S(1,M) ≃ S(h,N ⊗ ResFFh(M))
which shows that each CFh is a CF1 -bimodule category. The above for-
mulae also show that CFhh is an indecomposable C
F
1 -bimodule category
for all h ∈ H . 
5.5. On the Grothendieck ring of an equivariantization under
a coherent action. In this subsection we show that the Grothendieck
ring of an equivariantization under a coherent action has the structure
of a Green ring as introduced in [20].
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5.5.1. On the rings introduced by Witherspoon and Bouc. In this sub-
section we recall the Green rings introduced in [20].
Let F be a finite group acting by group automoprphisms on another
finite group G. Suppose that A = ⊕g∈GA(g) is a graded vector space
endowed with two linear structures: mg,h : A(g)⊗ A(h) → A(gh) and
cx,g : A(g)→ A(
xg) satisfying the following compatibilities:
(C1) c1 = id and cxy = cxcy where cx := ⊕g∈G cx,g : A→ A.
(C2) cx,g = idA(g) if x ∈ Fg.
(C3) cxmg,h = m xg, xh(cx × cx)
(C4) There is an element 1 ∈ A(1) such that cx(1) = 1 for all x ∈
L and m1,g(1, αg) = mg,1(αg, 1) = αg.
Let AF := {a ∈ A | cx(a) = a for all x ∈ F} be the subspace of
F -invariants elements of A.
(C5) For any g ∈ G and α, β, γ ∈ AF one has that∑
(d,e,f)∈Tg
mde,f(md,e(αd, βe), γf) =
∑
(d,e,f)∈Tg
md,ef (αd, me,f(βe, γf))
where the set Tg is defined as follows. Note that the stabilizer subgroup
Fg acts diagonally on the set {(d, e, f) ∈ G × G × G | def = g}. By
(C1)-(C4) the left and right members of the previous equality do not
depend on the chosen set Tg of representative elements for the orbits
of the action of Fg on the above set.
Define a multiplicative structure on AF given for α, β ∈ AF by
(M) (αβ)g =
∑
{(h,k)∈Fg/G×G | hk=g}
mh,k(αh, βk)
where the action of Fg on G× G is diagonal. Then it is shown in [20]
that under the conditions (C1)-(C4) the above multiplication on AF is
associative if and only if condition (C5) is also satisfied. Moreover, this
multiplication not depend on the choice of representative set Tg.
Theorem 5.23. Let F be a finite group acting coherently on a G-graded
fusion category C with respect to a given action by group automorphisms
of F on G. Then the Grothendieck ring of CG has the multiplicative
structure of Equation (M).
Proof. Let A = ⊕g∈GA(g) where A(g) = K0(C
Fg). Using Proposition
3.1 one can efine cx,g : A(g)→ A(
xg) by [M ] 7→ [T x(M)]. Define also
mg,h : A(g) × A(h) → A(gh) via the map mg,h from Equation (5.18).
Then it is easy to verify that the compatibility conditions (C1), (C2)
and (C4) from the previous subsection are satisfied. Condition (C3) is
verified in the lemma below. Moreover it is clear that K0(C
F ) →֒ AF
via [S(g,M)] 7→ ⊕r∈F/Fg [T
r(M)] defines an inclusion of vector spaces.
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Using the description of simple modules of equivariantization from
[5] it follows that in factK0(C
F ) = AF . Indeed, by [5, Remark 3.12] a k-
linear basis of K0(C
F ) is given by the elements
∑
r∈F/FY
T r(Y ) where Y
runs throug all the orbits of the isomorphisms classes of simple objects
of C. Recall that FY := {x ∈ F |T
x(Y ) ∼= Y } is the inertia subgroup.
On the other hand ifM ∈ C
Fg
g is a simple object then by [5, Theorem
2.12] it follows that M ≃ Ind
Fg
FY
(Y ⊗ π), for a simple object Y ∈ C,
a constituent of M and some projective representation π of (Fg)Y :=
FY ∩Fg. Since a k-linear bases of A
F is given by
∑
r∈F/Fg
T r(M) where
M ∈ C
Fg
g is a simple object it follows from the above description of M
that the same vectors
∑
r∈F/FY
T r(Y ) form also a k-linear basis of AF .
It remains to show that the multiplication from Theorem 5.19 co-
incides to the multiplication described in Equation (M). Once this is
proven, it follows that condition (C5) is also satisfied since the multi-
plication in K0(C
F ) is associative.
Note that as in [20] one has that O(g)O(h) = ⊔x∈Fh/F\FgO(
xgh).
On the other hand multiplication formula from Theorem 5.19 shows
[S(g,M)][S(h,N)] =
∑
x∈D
∑
r∈F/F xgh
[T r(mxg,h(T
x(M), N))]
=
∑
x∈D
∑
r∈F/F xgh
mrxg, rh([T
rx(M)], [T r(N)])
We have to show that this multiplication coincides to the one given in
Equation (M). For a fixed x ∈ D note that mrxg, rh([T
rx(M)], [T r(N)])
with r ∈ F/F xgh runs through all the orbit of of
xgh. Thus the term
in A( xgh) of the above product coincides to∑
{y∈D |O( ygh)=O( xgh)}
mryyg, ryh([T
ryy(M), T ry(N))
where ry ∈ F/F ygh is uniquely chosen such that
ryyg ryh = xgh.
One needs to show that the set {y ∈ D |O( ygh) = O( xgh)} has
the same cardinality as the set [(O(g)×O(h)) ∩ {(a, b) ∈ G×G |ab =
xgh}]/F xgh. In order to do this we construct a bijection between these
two sets. If rg sh = xgh then send the orbit of the pair ( rg, sh) to the
double coset Fhs
−1rFg. Clearly this map is well defined. Conversely,
define FhyFg 7→ O((
ryg, rh)) where r is chosen such that r( ygh) =
xgh. It is easy to check that these two maps are one inverse to another.

Lemma 5.24. Suppose that F acts coherently on a G-graded fusion
category C with respect to a given action by group automorphisms of F
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on G. Then with the above notations it follows that
(5.25) T x(mg,h(M,N)) ≃ m xg, xh(T
x(M), T x(N))
for all M ∈ CFg and N ∈ CFh.
Proof. As objects of C one has that
mg,h(M,N) = ⊕r∈Fgh/Fg∩FhT
r(M ⊗N).
On the other hand
m xg, xh(T
x(M), T x(N)) = ⊕r∈Fgh/Fg∩FhT
xr−1x(T x(M)⊗ T x(N)).
as objects of C.
It can be checked directly that F : T x(mg,h(M,N))→ m xg, xh(T
x(M), T x(N))
given on components by
T x(T r(M ⊗N))
(Tx,r2 )M⊗N−−−−−−→ T xr(M ⊗N)
(Txrx
−1,x
2 )
−1
M⊗N
−−−−−−−−−→
(Txrx
−1,x
2 )
−1
M⊗N
−−−−−−−−−→ T xrx
−1
(T x(M⊗N))
Txrx
−1
((Tx2 )
M,N )
−−−−−−−−−−→ T xrx
−1
(T x(M)⊗T x(N))
is an isomorphism in CF x(gh).
If z′ ∈ Fgh note that the equivariant structure of mg,h(M,N) is given
on the components by
µz,rmg,h(M,N) : T
z(T r(M ⊗N))
(T z,r2 )M⊗N−−−−−−→ T zr(M ⊗N)
(T r
′,h
2 )
−1
M⊗N
−−−−−−−→
T r
′
(T l(M⊗N))
T r
′
((T l2)
M,N )
−−−−−−−→ T r
′
(T l(M)⊗T l(N))
T r
′
(µlM⊗µ
l
N )−−−−−−−→ T r
′
(M⊗N)
where zr = r′l with l ∈ Fg ∩ Fh and r
′ ∈ Fgh/Fg ∩ Fh. Using Equation
(3.2) it follows that the equivariant structure of T x(mg,h(M,N)) is
given on components by
xµxzx
−1, r
Tx(mg,h(M,N))
: T xzx
−1
(T x(T r(M⊗N))
(Txzx
−1,x
2 )M⊗N−−−−−−−−−→ T xz(T r(M⊗N)) −→
(Tx,z2 )
−1
M⊗N
−−−−−−→ T x(T z(T r(M ⊗N))
Tx(µz,r
′
mg,h(M,N)
)
−−−−−−−−−→ T x(T r
′
(M ⊗N)).
On the other hand the equivariant structure νxzx
−1, r
m xg, xh(T
x(M),Tx(N))
of the
object m xg, xh(T
x(M), T x(N)) is given on the components by
T xzx
−1
(T xr
−1x(T x(M)⊗T x(N)))
(Txzx
−1,xrx−1
2 )M⊗N−−−−−−−−−−−−→ T xzrx
−1
(T x(M)⊗T x(N)) −→
(Tx,z2 )
−1
M⊗N
−−−−−−→ T x(T z(T r(M ⊗N))
Tx(µz,r
′
mg,h(M,N)
)
−−−−−−−−−→ T x(T r
′
(M ⊗N)).
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Therefore verifying that F is an isomorphism resumes to the commuta-
tivity of the following diagram (D1) made of solid arrows below. The
commutativity of the bottom left rectangle of diagram (D1) follows
from commutativity of diagram (D2). For shortness the maps in the
diagrams are omitted but they are all uniquely determined from the
group action of G on C.
5.5.2. Grothendieck rings of abelian cocentral extensions. In [20, The-
orem 4.8] it is shown that the Grothendieck rings G0(H) associated to
abelian cocentral extensions have the multiplication structure given in
Equation (M). Proposition 5.10 implies that the same result holds for
any cocentral extension of semisimple Hopf algebras.
Remark 5.26. Note that compatibility condition (C2) is not stated
in [20] on page 5 although it is stated as a property for Grothendieck
groups of cocentral extensions on the last page of the paper.
5.5.3. On the Grothendieck ring of the center of a fusion category. Sup-
pose that C is a G-graded fusion category C = ⊕g∈G Cg. Then by [9,
Theorem 4.1] its Drinfeld center Z(C) ≃ ZC1(C)
G, the equivariantiza-
tion of the relative center ZC1(C) by a certain action of the finite group
G. Moreover [9, Theorem 3.2] shows that the relative center ZC1(C) is
a G-crossed braided fusion category. In view of Example 5.4 one can
apply Theorem 5.23. It follows that the Grothendieck ring of Z(C)
has the ring structure described in Equation (M). Note that for the
Grothendieck ring of a Drinfeld double of a semisimple Hopf algebra
this description was already obtained in [4].
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(D1)
Txzx
−1
(Tx(T r(M ⊗N))) Txzx
−1
(Txr(M ⊗N)) Txzx
−1
(Txrx
−1
(Tx(M ⊗N)))
Txz(T r(M ⊗N)) Txzx
−1
(Txrx
−1
(Tx(M) ⊗ Tx(N)))
Txzr(M ⊗N) Txzrx
−1
(Tx(M ⊗N)) Txzrx
−1
(Tx(M) ⊗ Tx(N))
Tx(T zr(M ⊗N)) Txr
′x−1 (Txlx
−1
(Tx(M ⊗N)) Txr
′x−1 (Txlx
−1
(Tx(M) ⊗ Tx(N)))
Tx(T r
′
(T l(M ⊗N))) Txr
′x−1 (Txl(M ⊗N)) Txr
′x−1 (Txlx
−1
(Tx(M)) ⊗ Txlx
−1
(Tx(N)))
Tx(T r
′
(T l(M)⊗ T l(N))) Txr
′x−1 (Tx(T l(M ⊗N))) Txr
′x−1 (Txl(M)⊗ Txl(N))
Tx(T r
′
(M ⊗N))) Txr
′x−1 (Tx(T l(M) Txr
′x−1 (Tx(T l(M) ⊗ Tx(T l(N))))
Txr
′
(M ⊗N) Txr
′x−1 (Tx(M ⊗N)) Txr
′x−1 (Tx(M)⊗ Tx(N)).
26 SEBASTIAN BURCIU
(D2)
T xzr(M ⊗N) T xzrx
−1
(T x(M ⊗N))
T x(T zr(M ⊗N)) T xr
′x−1(T xlx
−1
(T x(M ⊗N))
T x(T r
′
(T l(M ⊗N))) T xr
′
(T l(M ⊗N)) T xr
′x−1(T xl(M ⊗N))
T x(T r
′
(T l(M)⊗ T l(N))) T xr
′
(T l(M)⊗ T l(N)) T xr
′x−1(T x(T l(M ⊗N)))
T x(T r
′
(M ⊗N))) T xr
′x−1(T x(T l(M)
T xr
′
(M ⊗N) T xr
′x−1(T x(M ⊗N))

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